We present multiscale description of hydrodynamic turbulence in incompressible fluid based on continuous wavelet transform. The wavelet transform of the velocity field is taken in L 1 norm, so that the wavelet coefficients u l (x) have the meaning of the velocity fluctuations of scale l. An extra contribution to the energy transfer from large to smaller scales is derived. It is shown that the Kolmogorov hypotheses are naturally reformulated in multiscale formalism. The multiscale perturbation theory and statistical closures are constructed.
Introduction
Statistical description of fully developed hydrodynamic turbulence is based on the Kolmogorov hypotheses [1] on the self-similarity of the velocity fluctuations of different scales. However, the Kolmogorov dimensional analysis does not provide for a rigorous mathematical definition of the "fluctuation of scale l". In the most literature this is tacitly understood as the Fourier components with wavenumber approximately equal to the inverse scale k ≈ 2π l and the analysis is performed in wavenumber space. That definition meets global characteristics of fully developed isotropic turbulence, but, being based on the Fourier transform, is essentially nonlocal and therefore is hardly applicable to such important properties of fully developed turbulence as coherent structure formation. To catch the local properties of the turbulent velocity field the decomposition into localized wave packets and wavelets have been performed by many authors [2, 3, 4, 5, 6, 7] .
However most of the wavelet applications to turbulence were restricted either to analysis of the measured turbulent field with the "wavelet microscope", capable of simultaneous analysis of the same velocity field at different resolution [5, 6, 7] , or to the numerical solution of the Navier-Stokes equations in wavelet basis [4, 8, 9] . Neither of the developed approaches allow for rigorous identification of the wavelet coefficients u l (x) with the velocity fluctuations of scale l at the point x in the Kolmogorov sense.
The aim of the present paper is to construct an analytical description of the turbulence field in such a way that the wavelet coefficients u l (x) attain the Kolmogorov meaning of the local velocity fluctuations. The aim is basically achieved by using L 1 norm wavelet coefficients instead of the common L 2 norm ones, releasing the orthogonality restriction on basic wavelet functions, and considering basic wavelet as an apparatus function of the measuring device. Doing so, instead of the system of the Navier-Stokes equations (NSE) we derive a system of equations for the scale components. This allows not only for the numerical Galerkin-like solution, but also for a perturbative scale-by-scale solution u(x) = u l 0 (x) + u l 0 /a (x) + u l 0 /a 2 (x) + . . . , where a > 1 is a scale factor.
It is shown, that the Kolmogorov hypotheses, statistical closures of moment equations, stochastic hydrodynamics approach and Wyld diagram technique are naturally reformulated in multiscale (wavelet) formalism. Besides that, the consideration of random processes that depend on scale explicitly u l (x)u l ′ (x ′ ) = C(x, x ′ , l, l ′ ) gives more: the possibility of the perturbation expansion converging without introducing ultra-violet (UV) cutoff wavenumber, an extra contribution to the Kolmogorov energy dissipation term (u 3 l /l), and possibly something else.
The remainder of this paper is organized as follows. In Section 2 we review the methods of solution of the NSE by Fourier components and by wavelet components. In Section 3 the stochastic hydrodynamic approach is reformulated for the random processes that explicitly depend on scale. A regularization of the perturbation expansion for the random force acting at a single scale is presented. Energy dissipation rate and energy flux in the multiscale formalism are considered in Section 4. Section 5 presents the generalized form of the Kolmogorov hypotheses formulated in multiscale framework. In Conclusion we discuss some further perspectives of the method.
Hydrodynamics of incompressible fluid in wavelet representation
In analytical studies of the hydrodynamic turbulence the basic role is played by the Navier-Stokes equations:
For the incompressible fluid the pressure term can be eliminated from the NSE (1) by sub-
The most convenient expression for the inverse Laplacian operator ∆ −1 in (2) is provided by Fourier representation
If wavenumber space the NSE with the incompressibility condition ∇·u = 0 lead to a system of integro-differential equations with square interaction
where
The system of equations (4) provides for perturbative calculations, statistical closures etc.., but is not local in coordinate space and thus is incapable of studying the effects locally produced by fluctuations. The system of equations (4) is complete and, being correctly solved numerically, gives reliable results. This however requires to take into account tremendous number of Fourier modes, which is hardly bearable even for modern supercomputers.
Wavelet decomposition is known to be an excellent local tool widely used in turbulence data analysis [6] and numerical simulations [2, 4, 9] . In this paper we use continuous wavelet transform (CWT) analytically to derive the equations for the fluctuations of different scales. For simplicity we restrict ourselves with isotropic turbulence and isotropic wavelets ψ(x) = ψ(|x|). In this case the wavelet transform of the velocity field u(x, t), taken with respect to the basic wavelet ψ(x), and corresponding reconstruction formula are
We perform wavelet transform only in spatial argument of the velocity field because we need spatial resolution. Using the L 1 norm instead of L 2 we provide wavelet coefficients u a (b, t) have the same (LT −1 ) dimension as the original velocity field u(x). The wavelet coefficients u a (b, t) will be referred to hereafter, as the components of the velocity field corresponding to scale a; ψ(x) is referred to as an apparatus function used to measure the scale components. For practical calculations it is often convenient to express wavelet transform (6, 7) in (a, k) representation taking the Fourier transform in the spatial argument. In Fourier form the convolution becomes a product. The direct and inverse WT are:
whereû(k) ≡û(k, ω) is the Fourier transform of the velocity field
The inverse wavelet transform from (a, k) components to coordinate representation is given by
The only restriction imposed on the basic wavelet ψ to make wavelet transfom invertiblethe admissibility condition -is the finiteness of normalization constant C ψ :
with S d , the area of the unit sphere in d dimensions, emerged because of the isotropy of the basic wavelet. In practice the finiteness of the integral (11) makes the wavelet ψ to have compact support and to be well localized in both the coordinate and the wavenumber spaces.
Therefore, the wavelet transform (6) can be considered as a frequency filter that conveys the harmonics with typical wavenumbers of order 1 a and is localized close to point b. Substituting the wavelet transform (10) into the system of the component equations (4), we yield the system of equations for the scale componentsû ai (k):
Let us derive statistical closures for the scale components. For this purpose we take equation (12) and its complex conjugate
multiply the first of those equations byû ai (k, t ′ ), sum up over the vector index i and take the statistical average . Doing so, we get
Applying the same procedure to the second of the equations (12) and summing the results at t = t ′ we get the moment equation
which is different from corresponding moment equation for plane wave components only by extra scale indices and extra integrations in scale logarithms (octaves). To express the third order moments in (14) via the second moments we must substitutê
where the response function G aa 0 il (k, t−s) is the result of taking functional derivative of the NSE for scale components (13) with respect to the regular forceη a 0 l (k, s). The difference from standard plane-wave approach [3] is that additionally to the summation over vector indices we have to sum up over octaves, i.e. to integrate over da a in each scale variable. So the statistical closures can be reproduced for the scale components.
In the zero-th order approximation (with no interaction term: M(·) → 0) the bare response function is
The full response function, because of the component equations (13) , satisfies the integrodifferential equation
The substitution of (15) into (14) gives the relation between the second and the forth order moments of the scale components:
The forth order moments uuuu can be then decomposed into the sum of all pairs uu uu using stochastic perturbation expansion.
Stochastic hydrodynamics with multiscale forcing
The stochastic hydrodynamics approach consists in introducing random force into the r.h.s. of the Navier-Stokes equation and calculating the velocity field momenta u(x 1 ) . . . u(x n ) using the stochastic perturbation theory, pioneered by Wyld [10] .
In coordinate representation the stochastic NSE is written in the form
The random force correlator
should obey certain conditions to make the resulting theory physically feasible and the perturbation expansion evaluable analytically. First, the energy injection by random force should be equal to the energy dissipation; second, the forcing should be essentially infrared (IR), i.e. be localized at large scales; third, it is desirable to have a parameter to control the IR divergences (when the size of the system tends to infinity).
To exclude the pressure term in (18) using the incompressibility condition, the Fourier representation is used
The random force correlator is usually taken in the form
where the function D(|k|) has suitable power-law behavior. In the simplest, but not very feasible physically, case D(k) = D 0 = const, we deal with the white noise, δ-correlated in both space and time.
What is most realistic physically, is to have a random force concentrated in a limited domain in k-space Λ min < |k| < Λ max . This case, however, is difficult to evaluate analytically in the perturbation theory [11] . In the multiscale approach we are going to present we will solve this problem by constructing a noise acting in a limited domain of scales a in (a, k) space.
In (a, k) representation, having excluded the pressure by standard means of orthogonal projector, the equation (18) leads to a system of integro-differential equations for the scale componentsû ai (k):
Now we have the problem of appropriate choice of the force correlator
As it was shown in the previous paper [12] , the (a, k) representation provides an extra analytical flexibility in constructing random processes with desired correlation properties in coordinate space. For instance, a random process given by wavelet coefficients with the correlation function
has the same correlation properties in R d coordinate as the white noise has. Castingη(k) in terms ofη a (k) by means of (9) we get
that is the correlation function of the white noise. The direct wavelet transform of the white noise η(x) →η(k) →η a (k) apparently lead to another result
which is different from (22), and directly depends on the basic wavelet ψ.
Physically, scale-dependent processes obeying (22) and (23), respectively, describe quite different processes: fluctuations of the former type (22) are mutually correlated only for coinciding scales (a 1 = a 2 ), while for the latter case (23) all fluctuations are correlated.
Exactly as in wavenumber space approach [11, 13, 14] , we can generalize the δ-correlated force (22) by assuming its variance to be dependent on both the scale the wave vector: D 0 → D(a, k). Doing so, and taking into account that we deal with the incompressible fluid in d dimensions, we can wright down the general form of the desired force correlator
The δ-correlated random force in wavenumber space does not provide for an adequate description of hydrodynamic turbulence, for it gives an energy injection at all scales, small and large. In physical settings, the fluid is usually stirred at a given scale, or in a narrow range of scales, comparable to the size of the system. As a simplest model of such forcing, we can consider a force acting on a single scale a 0 by choosing
The stochastic diagram techniques for the component fieldsû a (k) stems from the equation (21) and is a straightforward generalization of the Wyld diagram technique for the Fourier componentsû(k):û
where G 0 (k) = (−ıω + νk 2 ) −1 is the bare response function for Fourier component. To keep scales and wavevectors on the same footing and make the notation covariant in that sense we can rewrite (26) using the response functions bearing scale indices explicitly (16) . Doing so, we getû
The Feynman expansion for the scale component fieldsû ai (k) can be derived from either (26) or (27). Iterating the equation (26) once, we get one-loop contribution to the response functionû
As usual we assume the random force to be gaussian, in the sense that all odd order correlators η 1 . . . η 2k+1 vanish identically. Following [11] , we introduce formal parameter of the perturbation expansion λ in the interaction term (M aa 1 a 2 ijk → λM aa 1 a 2 ijk ). In the final results the initial value λ = 1 should be restored. The validity of considering λ as a small parameter of perturbation expansion is justified by renormalization group methods [11, 13, 14] ; see also [15] for recent developments and generalizations.
In the zero-th order of perturbation expansion the response function does not depend on scale and coincides with G 0 for all scale components:
In the O(λ 2 ) and the next orders of perturbation expansion the standard stochastic diagram techniques, used by many authors [10, 11, 14] , is reproduced with the only differences that: (i) each vertex, each response and correlation function attain scale superscripts; (ii) integration Here, for bookkeeping reason, we present only one loop 1PI contributions to the response, see Fig. 1 , and correlation, see Fig. 2 , functions of stochastic hydrodynamics. In the first order in force correlator ηη (one-loop contribution) we substitute the scale componentsû in the r.h.s. of (28) by the zero-th order solutions (29), perform necessary scale integrations in a l δ(a − a l ) da l a l and average over the random force (24)
The corresponding diagram is shown in Fig. 1 . The factor 4, as usual, accounts for two possible ways to expand the nonlinear term multiplied by two possible ways of taking the random force averaging. After the substitution of the random force correlator (24) the use of the explicit form of the interaction vertexes (12) , and integration over the scales, this giveŝ
The latter equation (31) means that for our special type of the scale-dependent random forcing (24) all internal parts of the diagrams, that do not carry scale indices, can be evaluated by substitution of the effective force correlator (31) into standard diagrams in wavenumber In similar perturbative way we can evaluate the contributions to the correlation functions û a 1 i (k 1 )û a 2 j (k 2 ) . In one loop approximation, using (28) and the zero-th order approximation (29), we get
jmn (k 2 , k 4 , k 2 −k 4 ). After the integrations over a 4 , a 6 , k 4 , identically to the response functions calculations, with the random force of the form (24), we get the one loop contribution to the correlation function, shown in Fig. 2 :
Having expanded the wavelet factors ψ(ak) in each vertex and integrating over all matching scale arguments, we get one loop correction to the correlation function
The evaluation of the one-loop contribution to the correlation function is easily performed for narrow band correlators. This contribution takes the form
where the trace of the one-loop tensor structure c 2 (k, q) is given in Appendix. The integration in frequency argument in the limit of zero frequency (k 0 → 0) is not different from that in stochastic hydrodynamics in wavenumber space and gives
As an example, let us present one-loop contribution to the effective pair correlator (34), calculated for the case of single-scale forcing (25) with the basic wavelets from gaussian vanishing momenta wavelet familŷ
where Γ(x) is Eulerian gamma-function.
For the single-scale forcing (25) this gives an effective force correlator in wavenumber space
Straightforward calculation leads to:
The integration in angle variable cos θ can be performed explicitly. With calculations presented in Appendix, we get the effective pair correlator for n = 2, d = 3 in the large-scale limit x = k q → 0:
Energy dissipation and energy transfer
The energy dissipation rate per unit of mass of incompressible viscous fluid is given Navier-Stokes hydrodynamic equations
Using wavelet decomposition (7) for velocity field we get
is the dissipation connection for the scale components. In symbolic form, the contribution of the fluctuations of all scales a i to the mean dissipation of energy per unit of mass can be written as
where ν ij is the viscosity between a i and a j scales. Due to the compactness and good localization of the function ψ, that can be also considered as an apparatus function, the interaction of the components of the same or close scales is stronger than the contribution of the significantly different onees | log(a 1 /a 2 )| ≫ 1.
For qualitative estimation of the behavior of the viscosity connection as a function of the scale ratio a 1 /a 2 of the interacting scale components, let us consider the vanishing momenta wavelet family of gaussian wavelets (36). The viscosity connection (41) can be then evaluated analytically:
The main contribution to energy dissipation comes from the terms with coinciding or closed arguments x = b 1 − b 2 ≈ 0. In this limit (with d = 1 for simplicity) we get:
Introducing the ratio of the scales, t = a 1 a 2 , we yield
In Fig. 3 we plot the behavior of the viscosity connection Ω n (a 1 , a 2 , 0) as a function of the scale ratio t = a 1 a 2 for the first 3 wavelets (n = 1, 2, 3) of the (36) family. As it can be seen, regardless the number of vanishing momenta n, the dissipation term has a maximum at coinciding scales (t ≈ 1). For this reason, if a discrete wavelet decomposition is used instead for n = 1, 2, 3 related to the viscosity connection for gaussian type wavelets. of continuous one, it is sufficient two keep two main terms in the energy dissipation: the equal-scale interaction and the neighboring scale interaction
The first term is the standard viscosity term, the last is the Kraichnan nearest scales interaction.
The nonlinear energy transfer between neighboring scales can be evaluated by considering wavelet connections corresponding to nonlinear term (u∇)u of the Navier-Stokes equation.
To keep with the turbulence cascade models, we restrict ourselves with discrete wavelet transform with binary scale step a 0 = 1 2 :
Without loss of generality we set the mesh size to unity b 0 = 1. In our consideration of the DWT representation (44) applied to hydrodynamic turbulence, in contrast to many schemes applied for numerical simulation of the NSE [16, 8] , we do not have any a priory arguments to assume mutual orthogonality of the basis functions ψ j k . To keep the wavelet decomposition (44) unique the orthogonality of basic functions is not required. It is sufficient if the set of basic functions forms a frame, i.e. ∀f ∈ L 2 (R), ∃A > 0, B < ∞ such that
If A = B the frame is called a tight frame.
Assuming the basic functions ψ j k form a frame, and restrict ourselves with the case of incompressible fluid, we cast the NSE system in the form
with Greek letters used for coordinate indices, and the bold face for vector subscripts is dropped. The component fields u jα k = u jα k (t) are the functions of time only, and so we deal with a typical cascade model.
Our goal here is to derive the energy transfer between the components of j-th scale and the next small (j +1)-th one. Let us define the energy of the j-th scale pulsations as
with the assumed unit normalization of the basic function d d x|ψ(x)| 2 = 1. The contribution of the nonlinear term of the NSE to the time derivative of E j is
For the orthogonal wavelets, that are most often used in numerical simulations [16] , only the terms of coinciding scales r = l = j survive in the r.h.s. of (47). The energy flux from the j-th scale to the next (j+1)-th scale is then proportional to |u j | 3 /(b 0 a j 0 ), in exact accordance to the Kolmogorov phenomenological theory [1] . In more general terms of nonorthogonal basic basic functions, the next term in the r.h.s. of (47) is proportional to u j+1 u j+1 u j . This term can be interpreted as the material derivative u j ∇(u j+1 ) 2 of the mean energy of the small scale fluctuations (u j+1 ) 2 2 along the stream of large scale velocity u j . The energy transfer terms analogues to (47) have been already considered in orthogonal wavelet formalism by C.Meneveau [4] . They can be obtained directly from the component equations, by multiplying (21) byû ai (k). This gives for the energy transfer in (a, k) space
Kolmogorov hypotheses
The Kolmogorov theory of the locally isotropic turbulence is formulated in terms of relative velocities δu(r, l) = u(r + l) − u(r).
The probability distribution of relative velocities can be hardly studied by Fourier transform of for the velocity field u(r), that is not homogeneous. Instead, according to Kolmogorov [1] , the turbulence is referred to as stationary turbulence in space-time domain G, if, for any fixed u(r, t), the distribution of relative velocities δu(r, t) is stationary and isotropic. Physical assumptions on the locally isotropic turbulence were formulated in terms of the first and second Kolmogorov hypotheses, that reside on the definition of the Reynolds number. This is not quite rigorous mathematical definition. We shall show now, that the Kolmogorov hypotheses are the statements about the behavior of the scale components of velocity field. First, we have to note that the definition of the Reynolds number is consistent only within the multiscale framework. In fact, by definition
where u l are said to be "pulsations of the scale l", the rigorous definition of those can be given only by virtue of wavelet components (6) , considering ψ as an apparatus function used to measure the pulsations. Going further, we will find that the wavelet components (6) are identical to velocity increments (49) when ψ is the Haar wavelet: For small l u l (r) ≈
or, taking into account the statistical homogeneity of the flow, we get:
So, the power-law behavior (52), viz
is just a particular case of a local regularity of wavelet coefficients with the Haar function (51) being used as a basic wavelet. As it was shown in general settings [17] , the wavelet coefficients W ψ (a, x)[f ] of a square-integrable function f (x), which has the Lipshitz-Hölder exponent h at the point x = x 0 , behave as |W ψ (a, x)[f ]| ∼ a h inside the cone |x − x 0 | < const for any admissible wavelet ψ which satisfies the regularity condition
The condition (54) is rather loose, and in physical settings we can always assume that it holds for any apparatus function used to measure the pulsations of scale l. So the second Kolmogorov hypothesis should be formulated as follows H2: Generalized second Kolmogorov hypothesis of similarity Under the same assumption as for H1 the turbulent flow is self-similar in small (but still l ≫ ν 3 4 ǫ − 1 4 ) scales in the sense, that the pulsations of the turbulent velocity defined as
where ψ(x) is any apparatus function satisfying the admissibility condition (11) and the regularity condition (54), have the following power-law behavior
for all spatial points b occupied by turbulent media.
Discussion
The study of hydrodynamic turbulence by methods of stochastic differential equations and those of quantum field theory has at least half a century history. Regardless phenomenologically clear and widely accepted Kolmogorov [1] theory of fully developed turbulence, still there are discussions on the preference of either differential equations, or field theoretic methods based on renormalization group, or multifractal approach to describe the turbulence in an incompressible fluid.
In present paper we intended to say that stochastic nature of spatially extended hydrodynamic turbulence prescribes certain kind of "wave-particle dualism" to the turbulent phenomena, in a sense, that the answer we get depends on the basic functions used to describe the turbulence. If the basis of plain waves was chosen, there are no fair reasons to comply about k → 0 behavior or paradoxes: what we get is what we set. Alternatively, if we want to have an analytical description of spatially extended turbulence compatible with the Kolmogorov phenomenology of local turbulent pulsations of given scales, we need to set a functional basis that respects the scale locally. This is wavelet decomposition.
The Fourier transform, being essentially nonlocal, apparently does not fit this requirement, but the windowed Fourier transform, or wave packet decomposition used by V.Zimin [2] and T.Nakano for the analysis of turbulence does, and possibly there is only a technical difference between our approach and [3] . However, it is important to emphasize, that the incorporation of the basic function ψ into consideration makes us to admit that the definition of the local fluctuations of given scale is not completely objective and depends on means of observation. At best it demands us to know the "shape function" of the measuring device. Alternatively we can try to rely on those results, that are shape independent.
In this paper we set a technical framework for analytical evaluation of statistical characteristics of of turbulent fluctuations, such as their correlation and response functions, by means of continuous wavelet transform. Deriving physical consequences, such as energy cascade between scales or scale-dependent corrections to response function, we specially did not touch the renormalization group aspects [11, 18] of the problem and multifractal formalism [19, 20, 21] . In fact both are related. The former is a generalization of the description of hydrodynamic turbulence in terms of differential equations to its description in measure settings. Partially, the relation of wavelets and RG in turbulence description is discussed in [22] , and will be studied in more details in connection to multifractal properties of hydrodynamic turbulence. Besides, the possible comparison with the RG based classification of asymptotic regimes of isotropic turbulence [14, 15] can be considered as another perspective of the proposed method.
where the summation over all dummy indices is assumed. The following notation for the orthogonal projector and the vertex (4) is used:
After all convolutions in matching pairs of indices, substituting k · q = kqµ, where µ ≡ cos θ is the cosine of the angle between k and q, we get
After substitution p 2 = k 2 − 2kqµ + q 2 in the numerators and algebraic simplification L(k, q, a, s) = 1 2 T 1 k 2 δ as + T 2 k a k s + T 3 k a q s + T 4 q a k s + T 5 q a q s where T 1 = cos 2 θ − 1 2 ,
To calculate the whole one-loop integral contribution to the response function, the tensor structure L(k, q, a, s) is multiplied by the integral over the frequency component After algebraic simplification C(k, q, a, s) = δ as −k 4 + 2k 3 µq + k 2 (−µp 2 − µ 2 q 2 + 2p 2 ) 4p 2 + k a k s k 2 (1 + µ 2 ) − 2kqµ(1 + 2µ 2 ) + 2(2µ 4 q 2 − p 2 ) 4p 2 + (k a q s + q a k s ) −k 3 µ + 4k 2 qµ 2 + kµ(−4µ 2 q 2 + p 2 + q 2 ) 4p 2 q + q a q s k 4 − 4k 3 µq + k 2 (4µ 2 q 2 − p 2 − q 2 ) 4p 2 q 2 .
(60)
The trace of this tensor structure, i.e. c 2 (k, q) = a C(k, q, a, a), which is required for energy spectra, is equal to
In the important case of d = 3 this gives
The integral in frequency argument of the product of squared response functions in the integral (34) gives in the limit of zero frequency k 0 → 0:
In important case of d = 3, with the Mexican hat wavelet (n = 2) taken for definiteness, the integral over the angle variable µ = cos θ can be evaluated analytically for the single band random force (25). The angle integration in (38) gives 
